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a b s t r a c t
Time synchronization and localization are key requirements for distributed underwater
systems consisting of numerous low-cost submersibles. In these systems, submersibles
are highly resource constrained and typically have limited acoustic communication capability. We investigate the problem of tracking submersibles that only have the capability of
receiving acoustic signals. Traditional Long Base Line (LBL) systems track the location of
submersibles by providing a GPS-like infrastructure that consists of a few reference beacons at known locations. In these systems the unknown positions of submersibles are estimated from beacon transmissions using time-difference-of-arrival (TDoA) based
localization. As such TDoA makes the key assumption that beacon transmissions occur
nearly concurrently in time. While this assumption is ensured in small LBL deployments
it does not hold as the size of the system scales up. In this paper we identify scenarios
where signals from multiple beacons are signiﬁcantly lagged in time. We further identify
the motion of the submersible between signal arrivals as a key factor that deteriorates
the performance of TDoA, when transmissions are not concurrent. To address this problem
we propose to track the submersible while performing time-synchronization. Our proposed technique, called Time of Arrival based Tracked Synchronization (ToA-TS) essentially
extends GPS like localization for scenarios where beacon transmissions are not concurrent
and submersibles are not capable of two-way communication. We show the beneﬁt of our
proposed scheme by comparing its performance to other localization techniques using
experimentally obtained data.
Ó 2014 Elsevier B.V. All rights reserved.

1. Introduction
Mobile underwater submersibles are widely used in
many oceanographic applications. As submersibles become
more agile, they present new opportunities to study
oceanic phenomena that are dynamic and vary at smaller
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(J. Jaffe).

spatial scales (tens to hundreds of meters). To aid such
exploration there has been a growing interest to deploy
numerous low-cost and compact submersibles as swarms
that operate in a distributed and coordinated fashion. A
crucial feature of such distributed systems is that the cost
and capabilities of individual submersibles are scaled
down in order to scale up the spatial extent and density
of the sampling system. As a result, submersibles are
highly energy constrained, and typically have very shortrange acoustic communication or in many cases only have
the ability to act as passive receivers.
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Determining the location and time of submersibles
underwater in a global frame of reference are two key
requirements of distributed systems. Global position and
time can be easily obtained from GPS for terrestrial systems. However, due to the unavailability of GPS underwater, traditional underwater acoustic navigation techniques
typically rely on a GPS-like infrastructure to track submersibles. This infrastructure consists of a few reference beacons (usually four) that are deployed in precise
conﬁgurations as in Long Baseline Systems (LBL) [1]. The
beacons essentially act as GPS satellites for underwater by
deducing their own position and time from GPS. The submersibles position and local time are jointly estimated from
measurements of the time-difference-of-arrival (TDoA) of
acoustic signals that are transmitted by the beacons.1 TDoA
is especially relevant to tracking and synchronizing low-cost
submersibles that have limited acoustic communication
capability and can seldom transmit to surface beacons. However, TDoA makes two crucial assumptions during the interval that the time-of-arrival measurements are obtained (a)
the submersible is stationary, and (b) the difference between
the global time according to beacons and the local time of the
submersible, (i.e., clock offset) remains constant. In general,
the position of the submersible changes due to its motion
and the clock offset changes at an unknown rate, which is
known as the clock drift. Therefore, while the assumptions
made by TDoA do not hold in general, they are satisﬁed in
practical LBL systems by ensuring that the submersible
receives four signals in succession over a short time window
as depicted in Fig. 1(a). In such a scenario, the movement of
the submersible is negligible during the signaling period.
Similarly, its clock offset is virtually constant (i.e., the effect
of drift is negligible). The problem that we address in this
paper is time synchronization and tracking submersibles
when signals from multiple beacons no longer arrive concurrently, but rather arrive over a much longer time epoch, T as
depicted in Fig. 1(b). We will explain shortly why this problem arises in the context of swarm systems. The key point is
that when signals no longer arrive concurrently at each submersible, two effects come into play (that are ignored by
TDoA based localization): the submersible can signiﬁcantly
move between signal arrivals and the clock offset may not
remain constant over the signaling period due to the cumulative effect of clock drift. In this paper we identify scenarios
where the error introduced due to these two factors becomes
signiﬁcant for a nominal range of relevant parameters (a
detailed discussion is presented in Section 3). When there
is signiﬁcant motion between signal arrivals, in order to time
synchronize the submersible, it has to be additionally
tracked over the time epoch T. Therefore, the key problem
that we will solve is joint time synchronization and tracking
of submersibles based only on one-way acoustic transmissions from beacons. In the next section we delineate why this
problem arises in the context of swarm systems and discuss
our solution strategy. Our proposed technique, called Time of

1
Other acoustic navigation techniques are also possible within this basic
framework. We discuss these techniques in related work (Section 7).
However, these approaches typically rely on bi-directional communication
with beacons. Therefore, they are not suitable for tracking submersibles
with only receive capability.

Fig. 1. Signals received at a submersible from four beacons in (a) LBL
systems and (b) Swarm systems.

Arrival based Tracked Synchronization (ToA-TS) extends GPS
like localization for scenarios where beacon transmissions
are not concurrent and submersibles are not capable of
two-way communication.
In this paper we extend on our previous work in [2],
where we proposed a joint approach to time synchronization and localization using the framework of factor-graphs.
In particular, we improve the run-time of our original
factor-graph based algorithm by bootstrapping from an
analytically obtained initial solution. In addition we
present an extensive comparison of the performance of
ToA-TS to other tracking techniques using experimentally
obtained data.

2. Problem motivation
In scenarios where beacon transmissions are spread
over a time window T, two key effects come into play.
However, prior to discussing these effects in more detail,
in this section we discuss why signals from transmissions
are likely to occur over longer time epochs in swarm systems compared to traditional LBL deployments.
Traditional LBL systems are designed for small deployments consisting of a few beacons (typically four), whose
acoustic transmissions can be received by all submersibles
within the deployment. As such LBL provides sufﬁcient
localization accuracy for such deployments. This is because
signals from few beacons can be scheduled to occur within
a short time window. Since all the submersibles are within
the communication range of the beacons, these signals also
arrive at near concurrent times at each submersible as
shown in Fig. 1(a). However, as the spatial extent and size
of the system is scaled up, this scenario changes.
As the spatial extent of the deployment increases, more
beacons are required to provide sufﬁcient acoustic coverage for localizing submersibles. Further, these beacons
may not be deployed in precise conﬁgurations. This makes
it challenging to avoid collisions while meeting the signal
concurrency requirement of traditional LBL systems. One
possible solution to this problem involves using orthogonal
signals for the beacon transmissions. However, even with
this approach, as the system scales, the number of beacons
would exceed the number of orthogonal signal dimensions.
Further, such a solution is not possible in many narrowband systems due to hardware constraints. We consider situations where orthogonal signaling is not employed, either
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by design or due to scalability. In such systems, transmissions from multiple beacons have to be sufﬁciently lagged
over a time epoch, T to avoid collisions. Given that propagation delays are in the order of seconds, the time lag between
beacon transmissions is likely to be in the order of tens of
seconds or more. As a result transmissions from multiple
beacons can no longer be scheduled to occur concurrently.
The crucial point here is that while we still propose a system where all beacons try to schedule their transmission
as close as possible in time, these transmissions cannot be
concurrent due to the size of the network. A submersible
within this network can only receive signals from a subset
of beacons. Further, this subset changes due to the motion
of the submersible and possibly that of the beacons [3].
Therefore, the time lag, dt between the signals received by
a submersible from a random subset of beacons can be
signiﬁcant as depicted in Fig. 1(b).
In such scenarios two additional factors come into play,
which were previously ignored by TDoA, namely, the
motion of the submersible and the drift in its local clock
between signal arrivals. These uncertainties are different
from random measurement errors. We will make this distinction as part of the problem formulation in Section 4.
Later in the same section we discuss scenarios where the
two factors under consideration, namely the motion of
the submersible and the drift in the local clock can significantly affect the performance of TDoA localization, which
assumes concurrent transmissions.

3. TDoA localization with non-concurrent signal arrivals
First, we brieﬂy describe the time-difference-of-arrival
(TDoA) method, which is typically used in LBL systems.
In TDoA based localization the difference in the measured
time of arrivals of signals received from a pair of beacons
translates to the difference in range estimates with those
beacons. As a result each estimate of time-difference gives
rise to a hyperbola for the unknown position of the submersible. A unique estimate of the submersibles position
can be obtained by intersecting three such hyperbolas
(obtained from four beacon transmissions). However, this
technique requires that beacons transmit at near concurrent times. For the scenario where transmissions are
lagged, this approach essentially neglects the motion and
clock drift of the submersible between signal arrivals. In
reality, both these factors add an uncertainty to the measured time differences. As a result, each hyperbola thus
obtained does not represent the submersibles position at
any particular time. Therefore, the hyperbolas no longer
intersect at a common point. A least squares approach
can still be used to obtain an estimate for the position.
However, these uncertainties are likely to degrade the performance of TDoA based localization. Furthermore, as we
will show in the next section, the uncertainty due to the
unknown clock offset and that due to vehicle motion can
be estimated with a more precise formulation of the problem and velocity measurements obtained from an IMU
(Inertial Measurement Unit). The key idea is to estimate
these uncertain parameters rather than treat them as
random measurement errors.
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4. Problem formulation
We consider the problem of tracking a submersible
using acoustic messages that are transmitted at different
times by multiple reference beacons over a period T. The
beacons deduce their location and time from GPS. However, the submersible is not time-synchronized with the
beacons. Our goal is to estimate the Maximum Likelihood
(ML) position and clock offset of the submersible over a
time epoch T given the send and receive timestamps of
acoustic messages transmitted by the beacons and IMU
measurements obtained during that time. Next, we present
a mathematical formulation of our tracking problem.
Each acoustic message transmitted by a beacon
includes the position of the beacon as obtained from GPS
and a time stamp indicating the time it was sent according
to global time. The receive time of the message is recorded
according to the local clock of the submersible. However,
the receive time of the acoustic message (in local time)
cannot be determined exactly due to noise, surface reﬂections and multipath. We deﬁnite the cumulative effect of
these random errors as the error in the detecting the ﬁrst
arrival of the signal and denote it as ek . The statistics of this
error is known from previous experimental characterizations performed in prior work [4,5]. We model the statistics as a zero mean Gaussian distribution with standard
deviation rR .
The difference in the send and receive times of the
acoustic message relates the unknown position of the submersible and its unknown clock offset, as given by Eq. (1).

kP i ðtk Þ  Pðt k Þk2 =c ¼ di ðtk Þ=c ¼ T k;i  t k þ Dðtk Þ þ ek

ð1Þ

where c is the speed of sound in m=s; Pi ðtk Þ and Pðt k Þ denote
the positions of beacon i and the submersible at the time of
message transmission, respectively. The transmit time of
th
the k message according to global time is denoted by t k .
The receive time of the message from beacon i according
to the submersible’s local time is denoted by T k;i . We refer
to T k;i  t k as the measured time-of-ﬂight of the acoustic
message and denote it as mi ðt k Þ. Dðt k Þ is the unknown clock
offset of the submersible at the time of message
transmission.
Acoustic messages are received from multiple beacons
over a time epoch, T as depicted in Fig. 1(b). Contrary to
the assumption made by TDoA, the submersible’s clockoffset and position both vary during the time epoch T.
In particular, the clock-offsets at any two time instances
tk and t kþ1 are related to each other via the clock drift,
denoted as g, as per the following equation:

Dðtkþ1 Þ ¼ Dðt k Þ þ g  ðtkþ1  t k Þ

ð2Þ

In addition, the submersible’s motion may be signiﬁcant during the signaling period. Therefore, we take this
motion into account by using measurements of the submersible’s velocity that are obtained from an on-board
IMU. These measurements relate the position of the submersible at consecutive time steps as follows:

v~ k ¼ ðPðtkþ1 Þ  Pðtk ÞÞ=ðtkþ1  tk Þ þ ev ;k

ð3Þ

where ev ;k is the error in velocity measurements.
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The problem that we address is to track the unknown
position and clock offset of the submersible using measurements obtained in intervals of duration T. As depicted
in Fig. 1(b), this interval is chosen as the minimum time in
which acoustic messages are received from at least four
unique beacons.
Note that TDoA based localization assumes that both
the position of the submersible and the clock offset remain
constant during this time. This amounts to making two
assumptions in our more generalized description of the
problem. The ﬁrst assumption is that the cumulative effect
of the clock drift, g  ðt kþ1  t k Þ in Eq. (2), is negligible in the
signaling period T. The second assumption is that the displacement of the submersible, given by v k  ðt kþ1  t k Þ, in
Eq. (3), is negligible in the signaling period T. From Eq.
(1), we observe that if this were true, the number of
unknowns does not increase with each new time-of-ﬂight
measurement. The resulting problem is then solvable as
long as measurements are made with at least four beacons.
We compare our proposed solution with this approach in
Section 7.
On the other hand our proposed solution only assumes
that the effect of the clock drift is negligible in the signaling
period. However, it takes the motion of the submersible
into account. It is important to note that the uncertainty
due to clock drift and that due to the vehicle displacement
do not act in the same way on the ranging uncertainty. In
particular the clock offset is common (i.e., the same) to the
range estimates with all the beacons, whereas the position
uncertainty due to motion is different and independent for
each beacon.
In the next subsection, we will motivate the assumptions made by our proposed scheme by identifying scenarios where the uncertainty due to motion and/or the clock
drift become signiﬁcant. We consider uncertainties greater
than a meter to be signiﬁcant because errors due to noise,
surface reﬂections and refraction and even hardware are
expected to be of that order [4,5]. For this analysis we
denote the lag between a pair of signals as dt (s), the submersible’s speed in the horizontal plane as v (m/s).

4.1. Effect of motion
TDoA assumes that the difference in signal arrivals correspond to difference in range estimates with beacons at a
particular time instance. As a result, when the submersible
is moving, the error in the 2D position estimate is determined by the displacement of the submersible in the horizontal plane during the signaling interval. This is because
the depth of the submersible is known from pressure sensors and can be compensated for. Therefore, the error in
positioning is given by v  dt, where v is the speed of the
submersible in 2D. We evaluated this error as a function
of the signaling interval dt for nominal submersible speeds
of 0.4 m/s to 2 m/s.
As shown in Fig. 2, the error due to the submersible’s
motion becomes signiﬁcant when the signaling interval,
dt, increases to more than a few seconds. Further, this error
can be as large as 120m when the signaling interval is one
minute long. Therefore, the effect of the submersibles

Fig. 2. Error in distance due to the submersible’s motion.

motion can signiﬁcantly degrade the performance of TDoA
when transmissions are non-concurrent.
4.2. Effect of clock drift
Next, we consider the effect of a changing clock offset.
The change in the clock offset during the signaling interval
essentially translates to an error in the measured time-difference between the signal arrivals from a pair of beacons.
Since the clock offset varies linearly with the drift, the
change in the clock offset during the signaling interval is
computed as g  dt. When multiplied by the speed of sound,
this translates to an error in (the difference in) range estimates with the beacons, given by c  g  dt. This error is
shown as a function of the signaling interval in Fig. 3 for
clock drifts in the range of 0.02 ppm to 20 ppm. As the ﬁgure shows the error due to clock drift is not signiﬁcant
when the drift is less than 20 ppm.
Based on the above results we propose that submersibles
which only have receive capability incorporate low-drift
clocks, especially if they are to operate in scenarios where
beacon transmissions are non-concurrent. Consequently,
the clock drift does not have to be estimated over short time
epochs, which makes the estimation problem more tractable. Low-drift clocks have been incorporated in a number
of practical underwater platforms. For example, Eustice
et al. have reported integrating a temperature clock into

Fig. 3. Error in distance due to the clock drift.
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the micro-modem, with a skew of only 0.02 ppm [6]. Similar
levels of accuracy have also been achieved through a novel
and inexpensive approach using two crystals [7].
While the effect of clock drift is negligible when an accurate clock is used, the effect of the motion can still be significant. Although the error introduced due to motion cannot
be eliminated entirely, we propose to compensate for
motion as much as possible by adding of an IMU and further
tracking the submersibles position during the window, T.
As such, it is not atypical for submersibles to have an onboard IMU for tracking their location underwater. However,
TDoA does not use information from an IMU, per se.
Based on the above reasoning, we consider the use of
both an on-board IMU as well as a low-drift clock crystal
to jointly track and synchronize a submersible. Next, we
present our proposed Time of Arrival based Tracked Synchronization (ToA-TS) technique. Our goal is to extend
GPS like localization for systems where beacon transmissions do not occur concurrently and submersibles are not
capable of two-way communication. Therefore, we propose
to estimate the Maximum Likelihood (ML) positions of the
submersible and a single unknown clock offset during the
interval T. This process is periodically repeated to track
and synchronize the submersible over longer durations. In
the next section we describe our proposed solution.
5. Solution strategy
Our goal is to estimate the Maximum Likelihood (ML)
position and clock offset of the submersible over a time
epoch T given the measured time of ﬂight of acoustic messages transmitted by the beacons and IMU measurements
obtained during that time. We assume that the depth is
known from pressure sensors, therefore, we estimate the
position of the submersible in two dimensions.
The timestamps obtained from acoustic messages impose
a non-linear and non-Gaussian constraint on the pdf of the
position and clock offset of the submersible at each point in
time, as given in Eq. (1). To incorporate such type of constraints, we appropriately deﬁne the tracking problem in
the Bayesian estimation framework of factor-graphs. Factor
graphs offer a way to represent any global function (in this
case the joint probability distribution of the unknown position and clock offset) in terms of simpler local functions that
depend only on a subset of variables. The sum-product algorithm can operate on this graph and exploit these simple
relations to estimate the pdf of individual states in the graph
via iterative message passing [8,9]. We have previously discussed this framework in the context of underwater tracking
[10]. However, in our previous work we used this framework
to track submersibles from inter-vehicle measurements of
distance. Distance estimation and time synchronization
were performed independently of tracking. Here we use
the framework of factor-graphs to jointly track and timesynchronize a submersible. Next, we present the factorgraph description of our tracking problem.
5.1. Factor-graph description
As a ﬁrst step towards solving our joint tracking and
synchronization problem, we have come up with the

5

Fig. 4. Factor-graph description for joint synchronization and tracking.

appropriate factor-graph description given in Fig. 4. The
graph gives a description of the interdependencies between
the unknown positions and clock offset of the submersible
over time. Mathematically, this graph describes the joint
distribution of the unknowns given all measurements of
time-of-ﬂight (prior to synchronization) and measurements of the submersible’s motion in the interval T. Each
state PðtÞ in the factor graph (denoted by a circle) represents the unknown position of a submersible at a time
instance t. The unknown clock offset is denoted as DðtÞ
and represented by a hexagon. The square blocks, known
as function-nodes, link the state-variables. The functionnodes not only indicate which state-variables are related
but also how they relate. More speciﬁcally, a function node
f that has links to state-variables X and Y assigns a weight
f ðX ¼ x; Y ¼ yjmÞ to any outcome X ¼ x; Y ¼ y given a measurement m. Therefore, function-nodes deﬁne constraints
(or interdependencies) between state-variables. Two types
of constraints are captured by the graph. Function-nodes of
type f 1 deﬁne constraints on the position and clock offset at
each point in time as imposed by the measured time-ofﬂight of acoustic messages. Function-nodes of type f 2
describe how the unknown positions vary over consecutive
time steps given measurements of the submersible’s velocity. The clock offset remains constant over the time epoch T,
therefore, it is represented by a single unknown state.
The key advantage of the factor-graph framework is
that function-nodes can take any generic form that best
describes the likelihood of measurements given state-variables. This makes it possible to easily describe non-linear
relations, such as the one given by Eq. (1). For our speciﬁc
problem, the formal deﬁnitions of the function-nodes are
given in Eqs. (4) and (5). These are derived from Eqs. (1)
and (3), respectively.

f 1 ðXðtÞÞ ¼ pð½PðtÞ; DðtÞÞ ¼ pðPðtÞ; DðtÞjmi ðtÞ; Pi ðtÞÞ
2
1
2
¼ pﬃﬃﬃﬃﬃﬃﬃ eðkPi ðtÞPðtÞk=cðmi ðtÞþDðtÞÞÞ =2rR
2prR
f 2 ðPðtk Þ; Pðtkþ1 ÞÞ ¼ pðPðt k Þ; Pðt kþ1 Þjv k Þ
2
1
2
¼ pﬃﬃﬃﬃﬃﬃﬃ ekPðtkþ1 ÞðPðtk Þþv k ðtkþ1 tk ÞÞk =2rv
2prv

ð4Þ

ð5Þ

As depicted in Fig. 4, the resultant factor-graph representation of this problem is cyclic. This poses a key challenge for the tracking algorithm that runs on the graph to
estimate the unknown states since the tracking algorithm,
which we will later describe in Section 5.2, is not guaranteed to converge for cyclic graphs.
To address this problem we use a result by Kschischang
et al. to transform a cyclic factor-graph to an equivalent
graph that is free of cycles (Section VI. B[8]). Speciﬁcally
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5.2. Tracking algorithm

Fig. 5. Acyclic factor graph obtained the stretching transformation.

we apply a stretching transformation to the factor-graph in
Fig. 4, to obtain an equivalent acyclic graph that is shown
in Fig. 5. This transformation entails augmenting each of
the unknown position states PðtÞ, described in 2D, to
include the unknown clock offset, DðtÞ. In effect, DðtÞ is
stretched along the path to each unknown position state.
The augmented state is denoted as XðtÞ ¼ ½PðtÞ; DðtÞ,
whose state-space is naturally deﬁned over 3D. As a ﬁnal
step, we have to modify the function-nodes f 2 (in the original graph) to a new function-node, g 2 which takes as
input the augmented state XðtÞ. The function node g 2 is
f 2 predicated by the fact that the value of the clock offset
does not change over time. g 2 is deﬁned in Eq. (6).

g 2 ðXðt k Þ; Xðt kþ1 ÞÞ ¼ pðXðt k Þ;
¼ f 2 ðPðtk Þ;

Xðt kþ1 Þjv k Þ
Pðt kþ1 ÞÞ  IðDðtk Þ; Dðt kþ1 ÞÞ ð6Þ

where I is a predicate function given by:

Iðu; v Þ ¼



1; if u ¼ v
0; if u – v

Once the factor graph is deﬁned, an iterative message
passing algorithm, namely, the sum-product algorithm runs
on it to solve the estimation problem. In each iteration of the
algorithm, nodes in the factor-graph compose messages
that are sent over the links of the graph. Messages are composed based on those received in a previous iteration.
There are two main types of messages exchanged during
a single iteration of the algorithm. Messages from a function node f to a state-variable x, denoted as lxf ð:Þ and messages from a state-variable x to a function node f, denoted
as lf x ð:Þ. These are computed as per Eqs. (7) and (8) [8].
Messages that are sent out by a state-variable to its neighbor function-nodes are the most current estimate of the
state-variables probability distribution. A message sent
out by a function node to its neighbor state-variable is an
estimate of the state-variables probability distribution,
given the probability distribution of all other state-variables that are neighbors of the function node. A function
node generates its message to a neighbor state-variable
by performing a marginalization of its local likelihood function (as described by Eq. (7)). A state-variable estimates its
distribution (or outgoing messages) by intersecting the
individual estimates of its distribution provided by its function-node neighbors, (as given by Eq. (7)). These messages,
computed locally at each node, set up the machinery to
carry information across the graph.

lf x ðxÞ ¼

X
ð f ðXÞ
ðxÞ

The sum-product algorithm runs on the abovedescribed factor-graph to estimate the pdf of the unknown
state-variables. The algorithm in its generic form is discussed in previous tutorials [8,9]. Here we present a brief
overview and examine its operation in the context of our
joint tracking and synchronization problem.

Y

lxf ðxÞ ¼

Y

lyf ðyÞÞ

ð7Þ

y2nð f Þnfxg

lhx ðxÞ

ð8Þ

h2nðxÞnf f g

where the summary operation is deﬁned in [8].
To better understand how information obtained from
acoustic messages and IMU measurements are combined

Fig. 6. Operation of the sum-product algorithm on a sub-graph.

Z (s)

(a)

(b)

X (m)
X (m)
Fig. 7. (a) 3D pdf of position and clock offset given the measured time of ﬂight of an acoustic message. (b) Cross-section of the pdf in 2D for a ﬁxed value of
clock offset.
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to solve our speciﬁc estimation problem, we present the
operation of the sum-product algorithm on the factorgraph described in the previous section. We speciﬁcally
consider messages passed over three iterations of the algorithm on the sub-graph shown in Fig. 6.
Iteration 1: In the ﬁrst iteration, information ﬂows from
function-nodes of type f 1 to the unknown state-variables,
Xðt 1 Þ and Xðt 2 Þ as shown in Fig. 6(1). Each of these function-nodes is only linked to one state-variable. From Eq.
(7), the message sent from f 1 to its neighbor state-variable,
XðtÞ is f 1 ðXðtÞÞ, evaluated over the 3D state-space of XðtÞ.
This message is an estimate of the pdf of XðtÞ. Its statespace is visualized in Fig. 7(a). The x–y axes represent the
possible positions of the submersible at time t, while the
z-axis represents the possible values of the clock offset.
The cone shown in the ﬁgure highlights the possible
position and clock offset values considered jointly, which
follows directly from Eq. (1). Note that the depth of the
submersible is known from pressure sensors, therefore,
we are effectively estimating its position in 2D. As per
Eq. (1), for a given depth of the submersible and a particular value of the clock offset, the position of the submersible
is a ring in 2D centered at the position of the beacon. The
minimum possible radius is zero since the true timeof-ﬂight (or distance) is always positive. As the value of
the possible clock offset increases, so does the radius of
the ring. Therefore, we obtain a cone in 3D for the statespace of XðtÞ as shown in Fig. 7.
Following Eq. (4), the message passed by f 1 is a set of
weights computed for each point on the cone. This 3D message can be visualized as a number of pdfs in 2D stacked on
top of each other. Each 2D pdf is deﬁned for a particular
value of the clock offset by intersecting a plane with the
cone as shown in Fig. 7(a), and computing a set of weights
over the ring thus obtained. The pdf computed over the ring
by f 1 is visualized in Fig. 7(a), and computed as per Eq. (4)
for a ﬁxed value of the clock offset. Therefore, each measurement of time-of-ﬂight obtained from an acoustic message results in the above-described weighted-cone as the
pdf of the unknown position and clock offset at that time.
Iteration 2: In this iteration, the estimates of the pdf of
Xðt 1 Þ and Xðt2 Þ, from the previous iteration are communicated to the function-node g 2 .
Iteration 3: Function-node g 2 combines these messages
to estimate the pdf of each of its neighbor state-variables.
The message passed from g 2 to the state-variable Xðt 2 Þ is
an estimate of the pdf of Xðt2 Þ given estimates of the pdfs
of Xðt1 Þ. This step is essentially a 2D translation and
smoothing of the pdf of Xðt 1 Þ, as dictated by the velocity
measurements and the statistics of error in these measurements, to obtain an estimate of the pdf of Xðt2 Þ. The pdf of
Xðt 1 Þ is a weighted-cone (from iteration 2). Therefore, the
message sent from g 2 to Xðt 2 Þ is also a weighted-cone. A
similar transformation is applied by g 2 to compute an estimate of the pdf of Xðt 1 Þ.
At the end of the third iteration, each of the state-variables Xðt 1 Þ and Xðt2 Þ has two independent estimates of its
pdf on its incoming links, which can be visualized as two
different weighted-cones. As a ﬁnal step, each state-variable intersects these pdfs to obtain a reﬁned estimate of
its pdf in 3D. This operation is visualized in Fig. 8. The

Z (s)

X (m)

Fig. 8. Reduction in the uncertainty of position and clock offset by
intersecting two independently computed cones in 3D.

crucial point is that at the end of this step the possible values of the clock offset and position are constrained only to
the regions where the cones intersect, consequently reducing the uncertainty in these estimates.
6. Improvements to the algorithm run-time
One of the key factors that determines the run time of
the proposed factor-graph solution is specifying the 3D
space over which the pdf of the unknown position and
clock offset is estimated. This can be best visualized by
considering the pdf of the unknown position and clock offset in 3D, given a single measurement of time-of-ﬂight as
depicted in Fig. 7(a). As the ﬁgure shows the pdf is
speciﬁed by a cone that extends indeﬁnitely in the positive
Z-dimension. Estimating the pdf over this space poses a
signiﬁcant computational challenge.
To improve the run-time of the algorithm we would like
to provide our factor graph algorithm with an initial estimate
of the clock offset and the position of the vehicle for each of
the states in the graph. We derive these initial estimates
analytically by computing the least squares solution to our
original problem (described in Section 3). In this section we
present the derivation of the least squares solution.
To obtain the least squares estimate we begin with
Eq. (1), in Section 4. For a signal transmitted by the beacon
at time tk , this equation relates the unknown position and
clock offset of the submersible to the position of the beacon
and the measured time of ﬂight (prior to time synchronization). Squaring both sides in Eq. (1) results in Eq. (9).
2
2
kP i ðtk Þ  Pðt k Þk =c2 ¼ ðmi ðtk Þ þ Dðt k ÞÞ þ e0k

ð9Þ

A similar equation is obtained due to a transmission at a
later time tkþl



Pj ðtkþl Þ  Pðt kþl Þ2 =c2 ¼ ðmi ðt kþl Þ þ Dðtkþl ÞÞ2 þ e0
kþl

ð10Þ

Subtracting Eqs. (10) from (9), we obtain



T
Pðt kþl Þ  Pðt k Þ þ Pi ðt k Þ  Pj ðt kþl Þ ½Pðt kþl Þ þ Pðt k Þ  P i ðt k Þ

 Pj ðt kþl Þ ¼ c2 ðmj ðtkþl Þ  mi ðt k ÞÞ  ðmj ðtkþl Þ þ mi ðt k Þ


ð11Þ
þ 2  Dðt k ÞÞ þ c2  e0kþl  e0k

The displacement of the submersible during the period
(tk ; t kþl ) is computed from velocity measurements obtained
during that time, as per Eq. (3). Substituting Eq. (3) in the
above equation we obtain Eq. (12).
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ð12Þ

j¼k

Following the approach in Section 5.1 we denote the
h
iT
augmented state Pðt k ÞT Dðtk Þ by Xðtk Þ. Eq. (12) is a linear
equation in the unknown state Xðtk Þ and can be written
more compactly as:

ATl Xðt k Þ ¼ bl þ ~e
where

2"
3T
#T
kþl
X


Al ¼ 4
v~ j  dt þ Pi ðtk Þ  Pj ðtkþl Þ  c2 mj ðtkþl Þ  mi ðtk Þ 5
j¼k

bl ¼ c 2 
"




mj ðt kþl Þ

2

"
 ðmi ðt k ÞÞ2 
#

kþl
X

#T

kþl
X

v~ j  dt þ Pi ðtk Þ  Pj ðtkþl Þ

j¼k

v~ j  dt  Pi ðtk Þ  Pj ðtkþl Þ

j¼k

For m consecutive transmissions at times t k ; t kþ1 ; t kþ2 ,
tkþm1 , we would obtain m  1 such equations. The least
squares estimate for the unknown position and offset at
time tk can be obtained as

^ ð t k Þ ¼ AT A
X

1

AT b

ð13Þ
T

where A ¼ ½A1 A2 . . . Am1  and b ¼ ½b1 b2 . . . bm1 

T

The least squares estimate of the unknown position and
clock-offset at each time t k , computed as discussed above
is used as an initial estimate to our factor-graph solution.
This signiﬁcantly minimizes the search space of the
algorithm, thereby reducing the run time.

To validate our approach, we applied our proposed technique to data obtained from sea trials conducted off the
coast of San Diego. The experiments consisted of deploying
a set of ﬁve surface buoys as shown in Fig. 9. A vertical
hydrophone array was allowed to drift from Buoy 1
towards the center of the deployment. The trajectory of
the array is shown in the ﬁgure. Both the buoys and the
receiver array were equipped with GPS. The buoys were
time synchronized to GPS throughout the experiment. They
also obtained their position information from GPS, which
was used for localizing the array. The GPS unit on the receiver array was only used to establish ground truth position
against which the tracking performance was compared.
Each buoy periodically transmitted an LFM chirp in the
7–15 kHz range. The buoy transmissions were synchronized with GPS and lagged by a second. The hydrophone
array passively recorded the acoustic signals received by
it. These received signals were processed post-facto. A
Matched Filter approach was used to estimate the ﬁrst arrival time of each signal. The location of the vehicle was estimated from the signal arrival times using three methods. In
the ﬁrst method, the time synchronization was done independent of the position estimation, as described in our earlier work [4]. The results of this method to the experimental
data was reported in our previous work [4]. In this paper,
we applied our proposed scheme to the experimental data.
In this (second) method, the localization and position estimation were performed jointly using the technique proposed in this paper. Lastly, the vehicle’s position was
estimated using Time Difference of Arrival (TDoA). These
approaches are discussed and compared in the following
subsections.
7.1. Independent time synchronization and localization
In this approach, the position of the vehicle was estimated from non-concurrent estimates of distance. Distance
was estimated from measurements of time-of-ﬂight of the
acoustic transmissions. To estimate time-of-ﬂight from the
recorded acoustic data we had to detect the ﬁrst arrival time
of each of the buoy transmissions according to the reference

Fig. 9. Experimental deployment of reference buoys and mobile vehicle.
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Fig. 10. (a) Histogram of error in distance estimates using experimental data. (b) Estimated trajectory, when time synchronization and position estimation
were performed independently.

time of the buoys (GPS time). However, the receiver’s notion
of time was only available from its local clock. To translate
the signal arrival times that were recorded according to local
time to GPS time, we estimated the drift in the local clock of
the vehicle. This was done by estimating the clock offset
between the receiver and GPS at the beginning and end of
the experiment using the signal arrival times and the known
position of the vehicle from GPS (when it was on the surface
and later at the end of the experiment when it resurfaced).
The clock drift was then estimated by doing a linear regression on the timing offsets. The estimated drift was used to
convert the signal arrival times to global (GPS) time. Timeof-ﬂight was computed as the difference between the send
and receive times of the acoustic transmissions. The speed
of sound was estimated empirically from CTD proﬁles that
were performed during the experiment. Distance was estimated as the product of the time-of-ﬂight measurements
and our estimate of the speed of sound. The error in the distance estimates was computed from the ground truth positions of the array and that of the buoys as obtained from
GPS. The histogram of the error in the distance estimates is
shown in Fig. 10(a). These errors are due to the error in our
detection of the ﬁrst arrival of the acoustic signals, the error
in the estimate of the clock drift and the error in the estimate
of the speed of sound. The estimated position of the vehicle
using the above method is shown in Fig. 10(b).
While such an approach provides accurate position estimates it has two main drawbacks. First, it is not amenable
to a real-time solution because the clock drift can only be
estimated after the vehicle resurfaces (at the end of the
mission). The second drawback is that the vehicle requires
to have an onboard GPS to perform time synchronization.
Both these problems are addressed by our joint time synchronization and tracking technique that relies primarily
on the received acoustic signals and does not require the
vehicle to have a GPS. In the next section we present the
results of our proposed method when applied to the experimental data.

7.2. Joint time synchronization and localization
We estimated the position and clock offset of the vehicle jointly from non-concurrent estimates of time-of-ﬂight

using (a) the TDoA method and (b) the proposed ToA-TS
method. Time-of-ﬂight was estimated as the difference
between the receive time of an acoustic signal (according
to the local clock of the receiver) and the transmit time
of the signal according to GPS (global) time. The unknown
position and clock offset were estimated from independent
sets of ﬁve consecutive time-of-ﬂight measurements.
Velocity measurements were used to estimate the position
at all times where distance measurements were not available. Using this approach the position of the hydrophone
array was estimated every 20s. In the case of ToA-TS, the
least squares solution proposed in Section 6 was used to
obtain an initial estimate which was provided as input to
the factor-graph solution. This signiﬁcantly reduced the
(3D) space over which the pdf of the unknown position
and clock offset had to be estimated by the factor-graph
solution.
Since IMU measurements were not available in the
experimental data set, velocity measurements were generated from the GPS log to emulate the presence of an IMU.
However, prior to giving the velocity data to our algorithm
we added randomly generated errors from a truncated
Gaussian distribution with a maximum velocity error of
0:2m=s (the effect of varying the velocity error is later evaluated in Section 7.3.2). In the next section we present the
comparative performance of the schemes discussed so far.

7.3. Comparative performance of tracking and time
synchronization techniques
We evaluated the performance of ToA-TS, TDoA and distance based tracking using all the acoustic signals received
by the hydrophone array in our experiment. This corresponded to the scenario where each beacon periodically
transmitted a signal every 6s with one second lag between
consecutive transmissions. The cdf of the RMS error in position estimates for the three schemes is shown in Fig. 11. The
results show that the performance of ToA-TS and TDoA are
similar and both these schemes outperform distance-based
tracking. This is because in the distance-based solution,
imprecise knowledge of the clock-offset introduces an error
in the estimated distances, while ToA-TS and TDoA do not
suffer from this problem because they jointly estimate the
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Fig. 11. CDF of RMS Error in position estimates using experimental data
with all measurements between signal transmissions from beacons every
one second.

clock offset and the position of the array. Since the signals
are transmitted nearly concurrently, the performance of
TDoA and ToA-TS are very similar. The motion of the array
during the interval that it receives measurements from all
the ﬁve beacons accounts for the small difference in performance of ToA-TS and TDoA.
7.3.1. Reducing the beacon signaling frequency
In our original experiments each beacon transmits every
6 s with a lag of a second between consecutive transmissions. We consider the scenario where the rate at which
beacons transmit is reduced to once in 80 s. We then consider two signaling strategies by the beacons. In the ﬁrst
case transmissions from multiple beacons arrive within
the shortest possible window (of 6 s), while in the second
case they are spread out in the 80 s interval i.e. consecutive
transmissions arrive at a lag of 16 s. In both cases the position of the hydrophone array is estimated every 20 s. For
these two scenarios we compared the performance of our
distance-based factor graph solution (proposed in earlier
work), TDoA and the proposed ToA-TS scheme.
Fig. 12(a) shows the cdf of the RMS error in the position
estimates of the hydrophone array for the different localization techniques when the signal arrivals were nearly
1

concurrent, with a lag of only a second between consecutive transmissions. The results show that ToA-TS outperforms both TDoA and our originally proposed distance
based solution. We observe that there is a consistent error
gap of approximately 5 m between the RMS error of the
position estimates obtained using ToA-TS and TDoA. This
difference is attributed to the fact that TDoA assumes that
the signals are transmitted concurrently in time. The maximum speed of the hydrophone array (as obtained from the
GPS log) was approximately 0.5 m/s, which corresponds to
a displacement of 5 m between signal arrivals, when the
transmissions are one sec apart. This explains the difference in performance between TDoA and ToA-TS. While
our original distance based solution does not assume concurrent signal arrivals, the error in the estimated clock drift
introduces additional error in distance estimates. This is
because the estimated clock drift is used to translate the
time of arrival of all signals obtained during the experiment to global time. If the error in the estimated clock drift
is edrift , a timing error of edrift  T is added to the time of ﬂight
estimate of a signal that was transmitted TðsÞ into the
experiment. On the other hand, ToA-TS does not suffer
from this problem because the signal arrivals do not have
to be translated to global time.
Fig. 12(b) shows the performance of the three schemes
when the consecutive signal transmissions are lagged by
16 s. For this scenario we observe a signiﬁcant improvement
in the performance of ToA-TS and a signiﬁcant deterioration
in the performance of TDoA. As before, the deterioration in
the performance of TDoA is because of the unaccounted displacement of the hydrophone array between signal arrivals
which increases when the interval between signal transmissions is increased from one second to 16 s. Since ToA-TS uses
velocity estimates to account for the displacement, it can
actually beneﬁt from a lagged signaling scheme. This is in
line with our previous ﬁndings [4] where a lagged scheme
depicted in Fig. 1(b) outperformed the scheme where signal
transmissions were nearly concurrent in time (as depicted
by Fig. 1(a)). However, in our earlier work these two signaling schemes were compared when the tracking was done
based on distance measurements and time synchronization
was performed independent of the tracking. The results
shown in Fig. 12(b) go on to show that a lagged signaling
approach is also advantageous when the position and clock
offset are jointly estimated as in ToA-TS.
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Fig. 12. CDF of RMS Error in position estimates using experimental data with (a) 1 s lag and (b) 16 s lag between beacon transmissions.

Please cite this article in press as: J. Yi et al., ToA-TS: Time of arrival based joint time synchronization and tracking for mobile underwater
systems, Ad Hoc Netw. (2014), http://dx.doi.org/10.1016/j.adhoc.2014.10.010

11

J. Yi et al. / Ad Hoc Networks xxx (2014) xxx–xxx
1

1
velocity error: 0.1m/s
velocity error: 0.1m/s

0.8

velocity error: 0.2m/s

0.8

velocity error: 0.2m/s

velocity error: 0.5m/s

velocity error: 0.5m/s

0.6

0.6

0.4

0.4

0.2

0.2

0
0

5

10

15

20

25

30

35

40

0

0

5

10

15

20

25

30

35

40

RMS Error of estimated position (m)

RMS Error of estimated position (m)

(a)

(b)
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Fig. 14. Histogram of error in clock offset estimates with a second lag between transmissions, max velocity error is (a) 0.1 m/s, (b) 0.2 m/s and (c) 0.5 m/s.

7.3.2. Effect of error in velocity measurements
We evaluated the performance of ToA-TS when the
error in velocity estimates was varied between 0.1 m/s
and 0.5 m/s. Since the maximum speed of the hydrophone
is 0.5 m/s, we only consider velocity errors within that
range.
Fig. 13a shows the RMS error in the position estimates
obtained using ToA-TS, for three different choices of velocity error: 0.1 m/s, 0.2 m/s and 0.5 m/s and the lag between
signal transmissions was one second. The histogram of the
error in the estimated clock offsets for the same scenario is
shown in Fig. 14(a)–(c). As expected, we observe a degradation in the accuracy of the position and clock offset estimates when the error in velocity measurements in
increased. However, this degradation is not signiﬁcant.
Fig. 13b shows the RMS error in the position estimates
obtained using ToA-TS, when the error in velocity measurements was varied as before and the lag between signal
transmissions was 16 s. The histogram of the error in the
estimated clock offsets for the same scenario is shown in
Fig. 15(a)–(c). These results show a similar trend as the
case where the interval between signal transmissions
was a second.
In addition to the results provided in this section, we
have provided extensive simulation results in the conference version of the paper [2]. In this section we validated
of our proposed technique with experimental data to further support our evaluations in simulation. The key new
ﬁndings highlighted by our experimental evaluation of
ToA-TS is that there is signiﬁcant beneﬁt to using ToA-TS

when the rate at which beacons transmit is constrained
due to energy considerations. Further, the best signaling
scheme in such a scenario would be to evenly lag consecutive transmissions over the signaling period of each
beacon.

8. Related work
TDoA is one of the most widely used techniques to
localize a submersible from one-way acoustic transmissions. Under ideal conditions, where transmissions from
beacons occur concurrently, this technique serves as a
way to both localize and time-synchronize the submersible
from one-way acoustic transmissions. The TDoA approach
has been extended to localizing submersibles in 3D where
the depth of the vehicle is also unknown [11]. It has also
been extended for the case where the beacons are not
time-synchronized with each other [12]. However, these
approaches do not consider the effect of vehicle motion
for non-concurrent beacon transmissions. The authors in
[13] propose tracking vehicles from one way acoustic messages using a motion model rather than IMU measurements. A cooperative approach to tracking and time
synchronization is proposed in [14].
Tracking and time-synchronization for mobile networks
have been typically treated as separate problems [15,16]. A
number of tracking techniques estimate a vehicles position
from non-concurrent distance estimates [10,17]. However,
distance estimation requires round trip message exchange
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or prior time synchronization with the beacons. On the
other hand, time-sync protocols that take vehicle motion
into account, such as MU-Sync [18], D-Sync [19] and
Mobi-Sync [20] require bi-directional acoustic signaling
with beacons. Therefore, the signaling overhead associated
with performing time-sync and tracking independently is
substantial. In order to reduce the overall acoustic communication overhead compared to previous time synchronization protocols, JSL proposes to address the two problems
jointly using a shared acoustic signaling scheme [21]. A
key difference between JSL and our proposed method is
that the former still uses a number of bi-directional message exchanges between the submersible and beacons
while our proposed ToA-TS method is designed to work
with only one-way beacon transmissions. The key
motivation in the design of JSL is accounting for a depth
dependent sound speed proﬁle to correct estimates of
propagation delay that are initially obtained from a
straight line propagation model.

[2]

[3]

[4]

[5]

[6]

[7]

[8]

9. Conclusion
[9]

In this paper we have proposed ToA-TS, an approach
that synchronizes a submersible while tracking it using
only a few one-way acoustic transmissions. This method
extends GPS-like time synchronization and localization
for scenarios where beacon transmissions are no longer
concurrent. We show that by using two simple hardware
enhancements, namely an accurate clock-crystal and an
on-board IMU, submersibles that can only receive acoustic
transmissions can be accurately tracked and synchronized.
Further, if submersibles have acoustic communication
capability, our proposed approach can be applied for
virtually no communication overhead on the part of
submersibles.
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